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TWISTED ALEXANDER POLYNOMIALS OF TUNNEL NUMBER ONE
MONTESINOS KNOTS
AIRI ASO
Abstract. We calculate the twisted Alexander polynomials of all tunnel number one Montesinos knots
associated to their SL2(C)-representations and obtain their leading coefficients and degrees. As a corol-
lary, we get some interesting examples, that is, nonfibered knots with monic Alexander polynomials
which have non-monic twisted Alexander polynomials.
1. Introduction
The twisted Alexander polynomial is a generalization of the Alexander polynomial, and it is defined for
the pair of a finitely presented group and its representations. The notion of twisted Alexander polynomials
was introduced by Wada [W] and Lin [L] independently in 1990s. The definition of Lin is for knots in
S3 and the definition of Wada is for finitely presented groups. In this paper, we use Wada’s twisted
Alexander polynomials defined by the following;
Definition 1. Let K be a knot in S3 and
G(K) = 〈x1, . . . , xn r1, . . . , rn−1〉
be the knot group of K, that is, the fundamental group of the knot exterior. Then, the twisted Alexander
polynomial of K associated to a representation ρ : G(K)→ SLn(F) is given by
∆K,ρ(t) =
detAρ,k
det[(ρ⊗ a) ◦ φ(xk − 1)]
,
where a : ZG(K) → Z[t, t−1] is the abelianization of the group ring ZG(K), φ : ZΓ → ZG(K) is the
natural ring homomorphism of the free group Γ generated by x1, · · · , xn and Aρ,k is defined for any
1 ≤ k ≤ n as follows:
Aρ,k is the d(n− 1)× d(n− 1) matrix defined by

A1,1 · · · A1,k−1 A1,k+1 · · · A1,n
...
...
...
...
An−1,1 · · · An−1,k−1 An−1,k+1 · · · An−1,n

 ,
where
Ai,j = (ρ⊗ a) ◦ φ
(
∂ri
∂xj
)
.
Here
∂
∂xj
: ZΓ→ ZΓ denotes the Fox derivative with respect to xj .
By Kitano and Morifuji [KM], it is proved that Wada’s twisted Alexander polynomials of the knot
groups for any nonabelian representations into SL2(F) over a field F are polynomials. As a corollary of
the claim, they also showed that if K is a fibered knot of genus g, then its twisted Alexander polynomials
are monic and has degree 4g− 2 for any nonabelian SL2(F)-representations. It is also showed that there
exists a nonfibered knot which has an SL2(C)-representation such that the twisted Alexander polynomial
of the representation is monic (see [GoMo]). Dunfield, Friedl and Jackson [DFJ] conjectured that the
twisted Alexander polynomials of hyperbolic knots associated to their holonomy representations into
SL2(C) determines the genus and fiberedness of the knots. In fact, they verified the conjecture for all
hyperbolic knots up to 15 crossings.
A Montesinos knot
M(b; (α1, β1), (α2, β2), · · · , (αr, βr))
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Figure 1. A Montesinos knot M(b; (α1, β1), (α2, β2), · · · , (αr , βr))
is the knot depicted in Figure 1 where the box βi/αi (with gcd(αi, βi) = 1 for each i) represents a rational
tangle of the slope βi/αi and the integer b denotes the number of half twists (if b is negative, each closing
of the twists are opposite). Then, each rational numbers β/α has continued fraction expansions, i.e.
β
α
= c0 +
1
c1 +
1
c2 +
1
.. . +
1
ck
=: [c0, c1, . . . , ck],
where c0, c1, . . . , ck are integers. Each integer ci corresponds to the number of twists depicted in Figure 2.
A rational number β/α has some continued fraction expansions, however, they has a continued fraction
expansion [2c0, 2c1, . . . , 2ck] where either α or β is even (if α is even, then k is odd, and if β is odd, then
k is even). The class of Montesinos knots is one of the special classes of knots in S3. It contains many
important families of knots, for example, two-bridge knots and pretzel knots. The genus of all Montesinos
knots are completely determined by Hirasawa and Murasugi [HM].
Figure 2. A continued fractional expansion of tangle 35 =
1
1+ 1
1+ 1
2
Let K be a knot in S3. Then, the tunnel number τ(K) of K is the minimal number of mutually
disjoint arcs, say τi ”properly embedded” in the pair (S
3,K) such that the complement of an open
regular neighborhood of K ∪ (∪τi) is a handle body.
In this paper, we compute the twisted Alexander polynomials of tunnel number one Montesinos knots.
To this end, we have the following theorem;
Theorem 2 (Klimenko–Sakuma [KS]). A Montesinos knot M(b; (α1, β1), (α2, β2), · · · , (αr, βr)) has tun-
nel number one if and only if one of the following conditions holds up to cyclic permutation of the indices
:
(1) r = 2
(2) r = 3, α1 = 2, and α2 ≡ α3 ≡ 1 mod 2
(3) r = 3, β2/α2 ≡ β3/α3 ≡ ±1/3 ∈ Q/Z, and e(K) = b−
∑r
i=1 βi/αi = ±1/(3α1)
It is known that if K is a fibered knot of genus g, then its Alexander polynomial ∆K(t) is monic and
deg(∆K(t)) = 2g. In [HM], it is shown that most of tunnel number one Montesinos knots are fibered
if their Alexander polynomials are monic. In this paper, as a corollary of the calculation of tunnel
number one Montesinos knots, we consider the twisted Alexander polynomials of the exceptional knots
i.e. nonfibered knots which has monic Alexander polynomials.
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In Section 2, 3, and 4, we consider the twisted Alexander polynomial of each of these cases. In Section 2,
we consider the case (1), that is, two-bridge knots. It is a special class of knots which contains twist knots
and has many interesting properties [BZ, H]. They are alternating and algebraic knots, and have been
completely classified [S]. There are two kinds of famous projections of two-bridge knots and links, i.e. the
Schubert presentations and the Conway presentations. In this paper, we use the Conway presentations
C(2m0,−2m1, . . . , 2mk−1,−2mk) where k is odd; these presentation contains all two-bridge knots, and
if k is even, then they are two-bridge links. Since two-bridge knots and links are alternating, their genus
are obtained from the degree of their Alexander polynomials [C, Mu1, Mu2]. For a two-bridge link (knot)
L = C(2c1, 2c2, . . . , 2cl), it is known that the genus g(L) and the leading coefficient γ(L) of the Alexander
polynomial are given by
g(L) =
1
2
(l − µ+ 1),
γ(L) =
l∏
i=1
|ci|,
where µ is the number of the components of L [BZ]. On the other hand, it is known that the twisted
Alexander polynomials of two-bridge knots associated to their parabolic representations are nontrivial
[SW]. The twisted Alexander polynomials of some class of two-bridge knots were computed, for example,
genus one two-bridge knots which contains twist knots [T1, MT]. We compute the twisted Alexander
polynomials of all two-bridge knots associated to their SL2(C)-representations and obtain their leading
coefficients and their degree explicitly. We also get the Alexander polynomials and make sure that the
result satisfies above equations.
In Section 3, we consider the case (2). The family of knots which satisfies the condition (2) is a huge
family which contains all (−2, 2n+1, 2m+1)-pretzel knots. The author computed the twisted Alexander
polynomials of (−2, 3, 2n+ 1)-pretzel knot associated with their family of SL2(C)-representations which
contains their holonomy representations [A]. This case is quite important because the fiberedness and the
genus of knots are not determined by their Alexander polynomials. It is known that there exist nonfibered
knots with monic Alexander polynomials, and since knots of the case (2) are not alternating, the degree
of the Alexander polynomial is not always 2g. As in the case (1), we compute the twisted Alexander
polynomials of all knots which satisfy the condition (2) associated to their SL2(C)-representations and
explicitly obtain their leading coefficients and their degree. As a corollary, we show that the twisted
Alexander polynomials of the exceptional cases i.e. nonfibered knots with monic Alexander polynomials,
may have degree 4g − 2 and be non-monic polynomials.
In Section 4, we consider the case (3). Knots which satisfies the condition (3) are denoted by
Kn =M(0; (3n+ 2,−2n− 1), (3, 1), (3, 1))
where n is an integer [MSY]. In this case, the fiberedness of knots are determined by their Alexander
polynomials. We consider both cases n is odd and even, and compute the twisted Alexander polynomials
of each cases associated to their SL2(C)-representations. We explicitly obtain the degree and all the
coefficients in this case.
Acknowledgement : The author would like to thank Professor Yoshiyuki Yokota for supervising and
giving helpful comments. She also would like to thank Professor Seiichi Kamada for giving valuable
advice about the continued fractional expansions of two-bridge knots.
2. The case (1)
In this section, we give the presentation of knot groups of given two-bridge knots and compute their
twisted Alexander polynomials associated to their SL2(C) representations. Throughout this section, K
denotes the knot as in Figure 3, where k is odd and 2m0,−2m1, · · · ,−2mk denotes the numbers of half
twists in each of boxes.
Figure 3. Two-bridge knots
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2.1. Main theorem. If we put generators a, b, x−1, · · · , x2k as in Figure 3, the generators on the right
hand side of each boxes are written by
x2i−1 = (x
(−1)i
2i−3 x
(−1)i
2i−4 )
mix2i−3(x
(−1)i
2i−3 x
(−1)i
2i−4 )
−mi ,
x2i = (x
(−1)i
2i−3 x
(−1)i
2i−4 )
mix2i−4(x
(−1)i
2i−3 x
(−1)i
2i−4 )
−mi ,
where we consider x−4 = b, x−3 = a, x−2 = a
−1. Then, we denote these relations by r2i−1 and r2i for
0 ≤ i ≤ k. We also have two relations
x2k−1 = x
−1
2k−2,
x2k = b,
and denote by r2k+1 and r2k+2.
Then, we have the following theorem.
Theorem 3. Let K be a knot as in Figure 3, where k is odd and m0,m1, · · · ,mk ∈ Z− {0}. Then, the
twisted Alexander polynomial ∆K,ρ(t) of K associated to a representation ρ : G(K) → SL2(C) is given
by
∆K,ρ(t) = λ0t
0 + · · ·+ λ0t
2k,
where
λ0 =
k∏
i=0
∣∣∣∣∣∣
|mi|∑
j=1
(
ρ(x
(−1)i
2i−3 x
(−1)i
2i−4 )
)j∣∣∣∣∣∣ .
2.2. Proof of Theorem 3. Note that we have the knot group
pi1(S
3 −K) = 〈b, a, x−1, · · · , x2k | r−1, · · · r2k, r2k+2〉,
and write Φ := (ρ⊗ a) ◦ φ, where a and φ are as in Definition 1. Then we put
R−1 = Φ
(
∂r−1
∂a
)
, R0 = Φ
(
∂r0
∂a
)
,
R1 = Φ
(
∂r1
∂a
)
, R′1 = Φ
(
∂r1
∂x−1
)
,
R2 = Φ
(
∂r2
∂a
)
, R′2 = Φ
(
∂r2
∂x−1
)
,
and
R2i−1 = Φ
(
∂r2i−1
∂x2i−4
)
, R′2i−1 = Φ
(
∂r2i−1
∂x2i−3
)
,
R2i = Φ
(
∂r2i
∂x2i−4
)
, R′2i = Φ
(
∂r2i
∂x2i−3
)
,
for 2 ≤ i ≤ k.
Proposition 4. The twisted Alexander polynomial ∆K,ρ(t) of K associated to a representation ρ :
G(K)→ SL2(C) is given by
∆K,ρ(t) =
|N2k|
t2 − trρ(b)t+ 1
,
where the matrix N2k is defined by
N0 = R0,
N1 = R1 + (−R
′
1)R−1,
N2 = R2 + (−R
′
2)R−1,
and
N2i−1 = (−R2i−1)N2i−4 + (−R
′
2i−1)N2i−3,
N2i = (−R2i)N2i−4 + (−R
′
2i)N2i−3,
for 2 ≤ i ≤ k.
Proof. Let Aρ,b be the matrix obtained by removing the first 2 columns of twisted Alexander matrix Aρ,
whose size is 2(2k + 3)× 2(2k + 4).
Then, by the definition of twisted Alexander polynomials,
∆K,ρ(t) =
|Aρ,b|
|Φ(b− 1)|
=
|Aρ,b|
t2 − trρ(b)t+ 1
.
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Now, we can transform |Aρ,b| by
|Aρ,b| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
R−1 E O O . . . O O O O O
R0 O E O . . . O O O O O
R1 R
′
1 O E O O O O O
R2 R
′
2 O O
. . . O O O O O
O O R3 R
′
3 O O O O O
O O R4 R
′
4 O O O O O
...
...
. . .
. . .
...
O O O O R2k−1 R
′
2k−1 O E O
O O O O R2k R
′
2k O O E
O O O O . . . O O O O E
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
R−1 E O O . . . O O O O O
N0 O E O . . . O O O O O
N1 O O E O O O O O
N2 O O O
. . . O O O O O
N3 O O O O O O O O
N4 O O O O O O O O
...
...
...
...
...
...
. . .
...
N2k−1 O O O . . . O O O E O
N2k O O O . . . O O O O E
O O O O . . . O O O O E
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= |N2k|,
where
N0 = R0,
N1 = R1 + (−R
′
1)R−1,
N2 = R2 + (−R
′
2)R−1,
and
N2i−1 = (−R2i−1)N2i−4 + (−R
′
2i−1)N2i−3,
N2i = (−R2i)N2i−4 + (−R
′
2i)N2i−3,
for 2 ≤ i ≤ k. 
Now, we compute the matrix N2k. The following proposition gives the highest and the lowest degree
of each N2i−1 and N2i.
Proposition 5. If i is even, we have
N2i−1 =
i
2∑
j=− i2−1
tjN j2i−1, N2i =
i
2+1∑
j=− i2
tjN j2i,
and if i is odd, we have
N2i−1 =
i+1
2∑
j=− i+12
tjN j2i−1, N2i =
i+1
2 +1∑
j=− i+12 +1
tjN j2i.
Proof. If we put A = ρ(a), B = ρ(b) and Xi = ρ(xi) for i = −1, · · · , 2k, then we have
N0 = R0 = t
0R00 + t
1R10 =: t
0N00 + t
1N10 .
If we put
R−1 = t
−1R−1−1 + t
0R0−1,
R1 = t
0R01 + t
1R11,
−R′1 = t
0R′
0
1 + t
1R′
1
1,
R2 = t
1R12 + t
2R22,
−R′2 = t
1R′
1
2 + t
2R′
2
2,
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we have
N1 = R1 + (−R
′
1)R−1
= t−1R′
0
1R
−1
−1 + t
0(R01 +R
′0
1R
0
−1 +R
′1
1R
−1
−1) + t
1(R11 +R
′1
1R
0
−1) =: t
−1N−11 + t
0N01 + t
1N11 ,
N2 = R2 + (−R
′
2)R−1
= t0R′
1
2R
−1
−1 + t
1(R12 +R
′1
2R
0
−1 +R
′2
2R
−1
−1) + t
2(R22 +R
′2
2R
0
−1) =: t
0N02 + t
1N12 + t
2N22 .
This proves the statement for i = 1.
Suppose that N0, N1, . . . , N2h−3 satisfy the statement . If h is even, since we have
−R2i−1 = t
−2R−22i−1 + t
−1R−12i−1,
−R′2i−1 = t
−1R′
−1
2i−1 + t
0R′
0
2i−1,
−R2i = t
−1R−12i + t
0R02i,
−R′2i = t
0R′
0
2i + t
1R′
1
2i,
for i is even and 2 ≤ i ≤ k, then we get
N2h−1 = (−R2h−1)N2h−4 + (−R
′
2h−1)N2h−3
= (t−2R−22h−1 + t
−1R−12h−1)N2(h−2) + (t
−1R′
−1
2h−1 + t
0R′
0
2h−1)N2(h−1)−1
= (t−2R−22h−1 + t
−1R−12h−1)
h−2
2 +1∑
j=− h−22
tjN j2(h−2) + (t
−1R′
−1
2h−1 + t
0R′
0
2h−1)
h−1
2∑
j=−h−12 −1
tjN j2(h−1)−1
= t−
h
2−1(R−22h−1N
−h2 +1
2(h−2) +R
′−1
2h−1N
−h2
2(h−1)−1) + · · ·+ t
h
2 R′
0
2h−1N
h
2
2(h−1)−1
=: t−
h
2−1N
−h2−1
2h−1 + · · ·+ t
h
2N
h
2
2h−1.
Similarly, we have
N2h = (−R2h)N2h−4 + (−R
′
2h)N2h−3
= t−
h
2 (R−12hN
−h2 +1
2(h−2) +R
′0
2hN
−h2
2(h−1)−1) + · · ·+ t
h
2 +1R′
1
2hN
h
2
2(h−1)−1
=: t−
h
2N
−h2−1
2h + · · ·+ t
h
2 +1N
h
2
2h.
This shows the statement in the case when i is even.
If h is odd, since we have
−R2i−1 = t
−1R−12i−1 + t
0R02i−1,
−R′2i−1 = t
0R′
0
2i−1 + t
1R′
1
2i−1,
−R2i = t
0R02i + t
1R12i,
−R′2i = t
1R′
1
2i + t
2R′
2
2i,
for i is odd and 2 ≤ i ≤ k, then we get
N2h−1 = (−R2h−1)N2h−4 + (−R
′
2h−1)N2h−3
= (t−1R−12h−1 + t
0R02h−1)N2(h−2) + (t
0R′
0
2h−1 + t
1R′
1
2h−1)N2(h−1)−1
= (t−1R−12h−1 + t
0R02h−1)
(h−2)+1
2 +1∑
j=− (h−2)+12 +1
tjN j2(h−2) + (t
0R′
0
2h−1 + t
1R′
1
2h−1)
h−1
2∑
j=−h−12 −1
tjN j2(h−1)−1
= t−
h+1
2 R′
0
2h−1N
−h+12
2(h−1)−1 + · · ·+ t
h+1
2 (R02h−1N
h+1
2
2(h−2) +R
′1
2h−1N
h−1
2
2(h−1)−1)
=: t−
h+1
2 N
−h+12
2h−1 + · · ·+ t
h+1
2 N
h+1
2
2h−1.
Similarly, we have
N2h = (−R2h)N2h−4 + (−R
′
2h)N2h−3
= t−
h+1
2 +1R′
1
2hN
−h+12
2(h−1)−1 + · · ·+ t
h+1
2 +1(R12hN
h+1
2
2(h−2) +R
′2
2hN
h−1
2
2(h−1)−1)
=: t−
h+1
2 +1N
−h+12 +1
2h + · · ·+ t
h+1
2 +1N
h+1
2 +1
2h .
This shows the statement in the case when i is odd. 
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Then, we put
Nmax2i−1 =

N
i
2
2i−1 = R
′0
2i−1N
i
2
2(i−1)−1 if i is even
N
i+1
2
2i−1 = R
0
2i−1N
i+1
2
2(i−2) +R
′1
2i−1N
i−1
2
2(i−1)−1 if i is odd
,
Nmax2i =

N
i
2+1
2i = R
′1
2iN
i
2
2(i−1)−1 if i is even
N
i+1
2 +1
2i = R
1
2iN
i+1
2
2(i−2) +R
′2
2iN
i−1
2
2(i−1)−1 if i is odd
,
Nmin2i−1 =

N
− i2−1
2i−1 = R
−2
2i−1N
− i2+1
2(i−2) +R
′−1
2i−1N
− i2
2(i−1)−1 if i is even
N
− i+12
2i−1 = R
′0
2i−1N
− i+12
2(i−1)−1 if i is odd
,
Nmin2i =

N
− i2
2i = R
−1
2i N
− i2+1
2(i−2) +R
′0
2iN
− i2
2(i−1)−1 if i is even
N
− i+12 +1
2i = R
′1
2iN
− i+12
2(i−1)−1 if i is odd
.
Since we have
|N2k| =
∣∣∣∣∣∣
k+1
2 +1∑
j=− k+12 +1
tjN j2k
∣∣∣∣∣∣
=t2(−
k+1
2 +1)
∣∣∣N− k+12 +12k ∣∣∣+ · · ·+ t2( k+12 +1)∣∣∣N k+12 +12k ∣∣∣
=t−k+1|Nmin2k |+ · · ·+ t
k+3|Nmax2k |,
we obtain
∆K,ρ(t) =
|N2k|
t2 − trρ(b)t+ 1
=
t−k+1|Nmin2k |+ · · ·+ t
k+3|Nmax2k |
t2 − trρ(b)t+ 1
∼t0|Nmin2k |+ · · ·+ t
2k|Nmax2k |.
Now we compute |Nmax2k | and |N
min
2k |. If i is odd, since
Nmax2i−1 = R
0
2i−1N
max
2(i−2) +R
′1
2i−1N
max
2(i−1)−1
= −
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jNmax2(i−2) −
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4N
max
2(i−1)−1
= −
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
j
{
Nmax2(i−2) +X2i−4N
max
2(i−1)−1
}
,
Nmax2i = R
1
2iN
max
2(i−2) +R
′2
2iN
max
2(i−1)−1
=
|mi|
mi
X2i
∑
j
(X−12i−3X
−1
2i−4)
jNmax2(i−2) +
|mi|
mi
X2i
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4N
max
2(i−1)−1
=
|mi|
mi
X2i
∑
j
(X−12i−3X
−1
2i−4)
j
{
Nmax2(i−2) +X2i−4N
max
2(i−1)−1
}
,
we have
Nmax2i = −X2iN
max
2i−1.
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By using this relation, we get
Nmax2i−1 =−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
j
{
Nmax2(i−2) +X2i−4N
max
2(i−1)−1
}
=−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
j
{
(−X2(i−2)N
max
2(i−2)−1) +X2i−4(R
′0
2(i−1)−1N
max
2((i−1)−1)−1)
}
=−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4
{
−E +R′
0
2(i−1)−1
}
Nmax2(i−2)−1
=−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4
{
−E +
|mi−1|
mi−1
X−12i−5
(∑
j
(X2i−5X2i−6)
j +
|mi−1|
mi−1
(X2i−5X2i−6)
mi−1+1
)
X−12i−6
}
Nmax2(i−2)−1
=−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4
X−12i−5
{
−X2i−5X2i−6 +
|mi−1|
mi−1
∑
j
(X2i−5X2i−6)
j + (X2i−5X2i−6)
mi−1+1
}
X−12i−6N
max
2(i−2)−1
=−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4
X−12i−5
{
−X2i−5X2i−6 +
|mi−1|
mi−1
∑
j
(X2i−5X2i−6)
j + (X2i−5X2i−6)
mi−1+1
}
X−12i−6N
max
2(i−2)−1
=


−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4X
−1
2i−5
{mi−1+1∑
j=2
(X2i−5X2i−6)
j
}
X−12i−6N
max
2(i−2)−1 if mi−1 > 0
−
|mi|
mi
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4X
−1
2i−5
{
−
1∑
j=mi−1+2
(X2i−5X2i−6)
j
}
X−12i−6N
max
2(i−2)−1 if mi−1 < 0
= −
|mimi−1|
mimi−1
∑
j
(X−12i−3X
−1
2i−4)
jX2i−4
∑
j
(X2i−5X2i−6)
jNmax2(i−2)−1
for i is odd.
Since k is odd,
Nmax2k =−X2kN
max
2k−1
=−X2k{
−
|mkmk−1|
mkmk−1
∑
j
(X−12k−3X
−1
2k−4)
jX2k−4
∑
j
(X2k−5X2k−6)
j
}
...{
−
|m3m2|
m3m2
∑
j
(X−13 X
−1
2 )
jX2
∑
j
(X1X0)
j
}
Nmax1
=−X2k{
−
|mkmk−1|
mkmk−1
∑
j
(X−12k−3X
−1
2k−4)
jX2k−4
∑
j
(X2k−5X2k−6)
j
}
...{
−
|m3m2|
m3m2
∑
j
(X−13 X
−1
2 )
jX2
∑
j
(X1X0)
j
}
{
−
|m1|
m1
∑
j
(X−1−1A)
jA−1 +
(
−
|m1|
m1
∑
j
(X−1−1A)
jA−1
)(
−
|m0|
m0
(∑
j
(AB)j(AB)−1 + (AB)m0
))}
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=(−1)
k+1
2 X2k
|mkmk−1 · · ·m0|
mkmk−1 · · ·m0{∑
j
(X−12k−3X
−1
2k−4)
jX2k−4
∑
j
(X2k−5X2k−6)
j
}
· · ·
{∑
j
(X−13 X
−1
2 )
jX2
∑
j
(X1X0)
j
}
{∑
j
(X−1−1A)
jA−1
∑
j
(AB)j
}
,
where j are given by
j =


1, · · · ,mi if mi−1 > 0
m0 + 1, · · · , 0 if mi−1 < 0
,
for each i. Note that X−4 = B, X−3 = A, X−2 = A
−1 and Xi ∈ SL2(C) for all i. Then we obtain
|Nmax2k | =
∣∣∣∣∣∣
∑
j
(X−12k−3X
−1
2k−4)
j
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
j
(X2k−5X2k−6)
j
∣∣∣∣∣∣ · · ·
∣∣∣∣∣∣
∑
j
(X−13 X
−1
2 )
j
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
j
(X1X0)
j
∣∣∣∣∣∣∣∣∣∣∣∣
∑
j
(X−1−1A)
j
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
j
(AB)j
∣∣∣∣∣∣
=
∣∣∣∣∣∣
|mk|∑
j=1
(X−12k−3X
−1
2k−4)
j
∣∣∣∣∣∣
∣∣∣∣∣∣
|mk−1|∑
j=1
(X2k−5X2k−6)
j
∣∣∣∣∣∣ · · ·
∣∣∣∣∣∣
|m3|∑
j=1
(X−13 X
−1
2 )
j
∣∣∣∣∣∣
∣∣∣∣∣∣
|m2|∑
j=1
(X1X0)
j
∣∣∣∣∣∣∣∣∣∣∣∣
|m1|∑
j=1
(X−1−1A)
j
∣∣∣∣∣∣
∣∣∣∣∣∣
|m0|∑
j=1
(AB)j
∣∣∣∣∣∣
=
k∏
i=0
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣ .
Similary, we have
Nmin2i−1 = −
|mi|
mi
X2i−1
(∑
j
(X2i−3X2i−4)
j
)
X−12i−4(N
min
2i−4 +X
−1
2i−3N
min
2i−3),
Nmin2i = −X
−1
2i−1N
min
2i−1,
if i is even, and
Nmin2i−1 =


|mi|
mi
X2i−1
(∑
j
(X−12i−3X
−1
2i−4)
j
)
X2i−4N
m
2i−3 if mi 6= −1
O if mi = −1
,
Nmin2i = −
|mi|
mi
(∑
j
(X−12i−3X
−1
2i−4)
j
)
X2i−4N
min
2i−3,
if i is odd. By the above relations, if i is even, we have
Nmin2i−1 = −
|mimi−1|
mimi−1
X2i−1
(∑
j
(X2i−3X2i−4)
j
)
X−12i−4
(∑
j
(X−12i−5X
−1
2i−6)
j
)
X−12i−5N
min
2i−5.
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Hence, we obtain
Nmin2k = (−1)
k+1
2
|mk · · ·m0|
mk · · ·m0
(∑
j
(X−12k−3X
−1
2k−4)
j
)
{(∑
j
(X2k−5X2k−6)
j
)
X−12k−6
(∑
j
(X−12k−7X
−1
2k−8)
j
)}
...{(∑
j
(X1X0)
j
)
X−10
(∑
j
(X−1−1A)
j
)}
(∑
j
(AB)j
)
,
and
|Nmin2k | =
k∏
i=0
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣ .
This completes the proof of Theorem 3. 
We can get the leading coefficient of the Alexander polynomial of K from above discussion.
Remark 6. If we denote the Alexander polynomial of K by ∆K(t), then we have
∆K(t) =|N2k| =
∣∣∣∣∣∣
k+1
2 +1∑
j=− k+12 +1
tjN j2k
∣∣∣∣∣∣
=t−
k+1
2 +1N
−k+12 +1
2k + · · ·+ t
k+1
2 +1N
k+1
2 +1
2k .
In this case, each N j2k are 1× 1 matrices and all Xi are the identity matrix 1. Same as in the case of the
twisted Alexander polynomial, we can compute Nmax2k and N
min
2k , that is, we get
Nmax2k =(−1)
k+1
2 X2k
|mkmk−1 · · ·m0|
mkmk−1 · · ·m0{∑
j
(X−12k−3X
−1
2k−4)
jX2k−4
∑
j
(X2k−5X2k−6)
j
}
· · ·
{∑
j
(X−13 X
−1
2 )
jX2
∑
j
(X1X0)
j
}
{∑
j
(X−1−1A)
jA−1
∑
j
(AB)j
}
=(−1)
k+1
2
|mkmk−1 · · ·m0|
mkmk−1 · · ·m0
|mk||mk−1| · · · |m0|
=(−1)
k+1
2 mkmk−1 · · ·m0
and
Nmin2k =(−1)
k+1
2
|mk · · ·m0|
mk · · ·m0
(∑
j
(X−12k−3X
−1
2k−4)
j
)
{(∑
j
(X2k−5X2k−6)
j
)
X−12k−6
(∑
j
(X−12k−7X
−1
2k−8)
j
)}
...{(∑
j
(X1X0)
j
)
X−10
(∑
j
(X−1−1A)
j
)}
(∑
j
(AB)j
)
=(−1)
k+1
2
|mkmk−1 · · ·m0|
mkmk−1 · · ·m0
|mk||mk−1| · · · |m0|
=(−1)
k+1
2 mkmk−1 · · ·m0.
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Hence we can write
∆K(t) = κ0t
0 + · · ·+ κ0t
k+1,
where
κ0 = |mk · · ·m0|.
Thus, since the genus of K is given by k+12 , we have
deg(∆K(t)) = 2g(K).
These results coincide with the results of [BZ]. Furthermore, we have
deg(∆K,ρ(t)) = 4g(K)− 2,
if the representation ρ : G(K)→ SL2(C) satisfies∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣ 6= 0,
for i = 0, 1, . . . , k. This condition means that any eigenvalue λ of 2× 2 matrices X
(−1)i
2i−3 X
(−1)i
2i−4 satisfies
λmi 6= 1.
3. The case (2)
Throughout this section, we suppose K = M(b; (α1, β1), (α2, β2), (α3, β3)) which satisfies condition
(2). In this section, we give the presentation of knot groups of K and compute their twisted Alexander
polynomials associated to their SL2(C) representations.
To this end, we have the following results.
Lemma 7. For integers α and β, we have the continued fraction expansions
β
α
=


2m0 +
1
2m1 +
. . . +
1
2m2l
if α is odd and β is even,
2m0 +
1
2m1 +
. . . +
1
2m2l+1
if α is even and β is odd,
2m0 +
1
2m1 +
. . . +
1
2ml + 1
if α and β is odd,
for some non-zero mi ∈ Z.
Proposition 8. K can be transformed to a Montesinos knot M(0; (α1, β1), (α2, β2), (α3, β3)) whose three
rational tangles β1/α1, β2/α2 and β3/α3 are written by
β1
α1
=±
1
2
,
β2
α2
=2m0 +
1
2m1 +
1
2m2 +
1
. . . +
1
2mk
,
β3
α3
=
1
2n1 +
1
2n2 +
1
. . . +
1
2nl
,
where both k and l are even and α1, α2, α3 are positive integers.
Proof. For a Montesinos knot K =M(b; (α1, β1), (α2, β2), (α3, β3)), we can put b half twists into a tangle
β1/α1, i.e. we may suppose b = 0. Then, since α1 = 2, we have
β1
α1
=
2m+ 1
2
= m+
1
2
,
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and we can move m half twists to tangle β2/α2. Hence we put
β′1
α1
:=
β1
α1
−m =
1
2
.
Similary, by putting some twists from the tangle β3/α3 into the tangle β2/α2 if necessary, we suppose
−α3 < β3 < α3.
The numbers α and β of the rational tangle β/α corresponds to the number of lines of the tangle,
i.e. α means the number of horizontal lines and β means the number of the vertical lines of the tangle.
Since we have α2 ≡ α3 ≡ 1 mod 2, we let both α2 and α3 be positive odd numbers. Then, we have the
following three cases;
(i) both β2 and β3 are even,
(ii) either β2 or β3 is odd,
(iii) both β2 and β3 are odd.
From Lemma 7, the statement is true for the case (i). Hence, we consider the case (ii) and (iii).
Figure 4. The case of both β2 and β3 are odd
In the case (iii), we add two half twists and denote boxes of dotted line depicted in Figure 4 by
β′2
α2
and
β′3
α3
. Then we have
β′2
α2
=
β2
α2
+
|β3|
β3
,
β′3
α3
=
β3
α3
−
|β3|
β3
,
and hence both β′2 and β
′
3 are even.
In the case (ii), if β2 is odd and β3 is even, we add two half twists and denote boxes of dotted line
depicted in Figure 5 by
β′2
α2
. Then we obtain new first tangle
β′′1
α1
= −
1
2
,
and β′2 is even since
β′2
α2
=
β2
α2
+ 1.
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Figure 5. The case of either β2 or β3 is odd
Similary, if β2 is even and β3 is odd, we can obtain
β′′1
α1
= −
1
2
,
and even integer β′3. 
3.1. Main theorem. We consider the knot depicted in Figure 6. Note that two rational tangles are
written by
β2
α2
= 2m0 +
1
2m1 +
1
2m2 +
.. . +
1
2mk
,
β3
α3
=
1
2n1 +
1
2n2 +
.. . +
1
2nl
,
where both k and l are even. Then, we put
x−4 =c
−1a−1c, x−3 = a, x−2 = b,
y−2 =b, y−1 = c, y0 = c
−1ac−1a−1c.
As in the case (1), by extending these, we can take generators {x−4, · · · , x2k, y−2, · · · , y2l} of the knot
group G(K) such that the following relations hold:
r2i−1 : x2i−1 = (x
(−1)i
2i−3 x
(−1)i
2i−4 )
mix2i−3(x
(−1)i
2i−3 x
(−1)i
2i−4 )
−mi ,
r2i : x2i = (x
(−1)i
2i−3 x
(−1)i
2i−4 )
mix2i−4(x
(−1)i
2i−3 x
(−1)i
2i−4 )
−mi ,
s2i−1 : y2i−1 = (y
(−1)i
2i−3 y
(−1)i
2i−4 )
−niy2i−3(y
(−1)i
2i−3 y
(−1)i
2i−4 )
ni ,
s2i : y2i = (y
(−1)i
2i−3 y
(−1)i
2i−4 )
−niy2i−4(y
(−1)i
2i−3 y
(−1)i
2i−4 )
ni ,
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and
r2k+1 : x2k−1 = x
−1
2k−2,
s2l+1 : y2l−1 = y
−1
2l−2,
rs : x2k = y2l.
Figure 6. The knot of case (2)
Let ρ : G(K)→ SL2(C) be a representation of the knot group G(K) and put
ρ(a) := A, ρ(b) := B, ρ(c) := C, ρ(xi) := Xi, ρ(yi) := Yi.
Then we have the following theorem.
Theorem 9. We have
∆K,ρ(t) =
{
κ0t
0 + · · ·+ κ0t
2(k+l+1) if m0 6= 0,
λ0t
0 + · · ·+ λ0t
2(k+l)−2 if m0 = 0,
where κ0 and λ0 are given by the following:
κ0 =
k∏
i=0
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣
l∏
i=1
∣∣∣∣∣∣
|ni|∑
j=1
(Y
(−1)i
2i−3 Y
(−1)i
2i−4 )
j
∣∣∣∣∣∣ ,
λ0 =
k∏
i=2
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣
l∏
i=2
∣∣∣∣∣∣
|ni|∑
j=1
(Y
(−1)i
2i−3 Y
(−1)i
2i−4 )
j
∣∣∣∣∣∣λ,
where
λ =


∣∣∣∣ |m1|m1
(∑
j(BA)
j
)
+ |n1|n1 A
−1C
(∑
j(BC)
j
)
+ |m1n1|m1n1
(∑
j(BA)
j
)(∑
j(BC)
j
)
BC
∣∣∣∣ if β1 > 0,∣∣∣∣ |m1|m1
(∑
j(BA)
j
)
+ |n1|n1 AC
−1
(∑
j(BC)
j
)
− |m1n1|m1n1
(∑
j(BA)
j
)(∑
j(BC)
j
)∣∣∣∣ if β1 < 0.
3.2. Proof of Theorem 9. We have
G(K) = 〈a, b, c, x−4, · · · , x2k, y−2, · · · , y2l | r−4, · · · , r2k+1, s
−2, · · · , s2l+1〉.
Suppose Φ = (ρ⊗ a) ◦ φ. Then we put
R−4 = Φ
(
∂r−4
∂a
)
and
R2i−1 = Φ
(
∂r2i−1
∂x2i−4
)
, R′2i−1 = Φ
(
∂r2i−1
∂x2i−3
)
,
R2i = Φ
(
∂r2i
∂x2i−4
)
, R′2i = Φ
(
∂r2i
∂x2i−3
)
,
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for 0 ≤ i ≤ k,
S2i−1 = Φ
(
∂s2i−1
∂y2i−4
)
, S′2i−1 = Φ
(
∂s2i−1
∂y2i−3
)
,
S2i = Φ
(
∂s2i
∂y2i−4
)
, S′2i = Φ
(
∂s2i
∂y2i−3
)
,
for 1 ≤ i ≤ l.
Proposition 10. We have
∆K,ρ(t) =
∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣
t2 − trρ(c)t+ 1
,
where the matrices M2k+1,M
′
2k+1, N2l+1, N
′
2l+1 are computed as in the case (1).
Proof. For the generator c, let Aρ,c be the matrix obtained by removing the 2 columns corresponding to
c from the twisted Alexander matrix Aρ. Then, |Aρ,c| is given by
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
R−4 O E O · · · O O O O O O O · · · O O O O O
−E O O E O O O O O O O · · · O O O O O
O −E O O
. . . O O O O O O O · · · O O O O O
O O R−1 R
′
−1 O O O O O O O · · · O O O O O
O O R0 R
′
0 O O O O O O O · · · O O O O O
...
...
. . .
. . .
...
...
...
...
...
...
...
...
O O O O R2k−1 R
′
2k−1 O E O O O · · · O O O O O
O O O O R2k R
′
2k O O E O O · · · O O O O O
O O O O · · · O O tX2k−1 E O O O · · · O O O O O
O −E O O · · · O O O O O E O · · · O O O O O
O O O O · · · O O O O O O E O O O O O
S0 O O O · · · O O O O O O O
. . . O O O O O
O O O O · · · O O O O O S1 S
′
1 O O O O O
O O O O · · · O O O O O S2 S
′
2 O O O O O
...
...
...
...
...
...
...
...
...
. . .
. . .
...
O O O O · · · O O O O O O O S2l−1 S
′
2l−1 O E O
O O O O · · · O O O O O O O S2l S
′
2l O O E
O O O O · · · O O O O O O O · · · O O tY2l−1 E O
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
M−4 M
′
−4 E O · · · O O O O O O O · · · O O O O O
M−3 M
′
−3 O E O O O O O O O · · · O O O O O
M−2 M
′
−2 O O
. . . O O O O O O O · · · O O O O O
M−1 M
′
−1 O O O O O O O O O · · · O O O O O
M0 M
′
0 O O O O O O O O O · · · O O O O O
...
...
. . .
...
...
...
...
...
...
...
...
M2k−1 M
′
2k−1 O O · · · O O O E O O O · · · O O O O O
M2k M
′
2k O O · · · O O O O E O O · · · O O O O O
M2k+1 M
′
2k+1 O O · · · O O O O O O O · · · O O O O O
N−2 N
′
−2 O O · · · O O O O O E O · · · O O O O O
N−1 N
′
−1 O O · · · O O O O O O E O O O O O
N0 N
′
0 O O · · · O O O O O O O
. . . O O O O O
N1 N
′
1 O O · · · O O O O O O O O O O O O
N2 N
′
2 O O · · · O O O O O O O O O O O O
...
...
...
...
...
...
...
...
...
...
...
. . .
...
N2l−1 N
′
2l−1 O O · · · O O O O O O O · · · O O O E O
N2l N
′
2l O O · · · O O O O O O O · · · O O O O E
N2l+1 N
′
2l+1 O O · · · O O O O O O O · · · O O O O O
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣ ,
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where the matrix M2k+1, M
′
2k+1, N2l+1 and N2l+1 are defined as follows: We consider the sequences
{Mi}
2k+1
−4 and {M
′
i}
2k+1
−4 which are defined by
M−4 = R−4, M−3 = −E, M−2 = O,
M ′−4 = O, M
′
−3 = O, M
′
−2 = −E,
and
M2i−1 = (−R2i−1)M2i−4 + (−R
′
2i−1)M2i−3,
M2i = (−R2i)M2i−4 + (−R
′
2i)M2i−3,
M ′2i−1 = (−R2i−1)M
′
2i−4 + (−R
′
2i−1)M
′
2i−3,
M ′2i = (−R2i)M
′
2i−4 + (−R
′
2i)M
′
2i−3,
for 0 ≤ i ≤ k. Then we put
M2k+1 = (−tX2k−1)M2k−2 + (−E)M2k−1,
M ′2k+1 = (−tX2k−1)M
′
2k−2 + (−E)M
′
2k−1.
Similarly, we consider the sequences {Ni}
2l+1
−2 and {N
′
i}
2l+1
−2 which are defined by
N−2 = O, N−1 = O, N0 = S0,
N ′−2 =− E, N
′
−1 = O, N
′
0 = O,
and
N2i−1 = (−S2i−1)N2i−4 + (−S
′
2i−1)N2i−3,
N2i = (−S2i)N2i−4 + (−S
′
2i)N2i−3,
N ′2i−1 = (−S2i−1)N
′
2i−4 + (−S
′
2i−1)N
′
2i−3,
N2i = (−S2i)N
′
2i−4 + (−S
′
2i)N
′
2i−3,
for 1 ≤ i ≤ l. Then we set
N2l+1 = (−tY2l−1)N2l−2 + (−E)N2l−1,
N ′2l+1 = (−tY2l−1)N
′
2l−2 + (−E)N
′
2l−1.

Lemma 11. If m0 6= 0, then the matrix
∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣ is given by∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣ = t−(k+l)|Mmin2k+1||N ′ min2l+1 |+ · · ·+ tk+l+4|Mmax2k+1||N ′max2l+1 |,
where
|Mmax2k+1| = |M
min
2k+1| =
k∏
i=0
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣ ,
|N
′ max
2l+1 | = |N
′ min
2l+1 | =
l∏
i=1
∣∣∣∣∣∣
|ni|∑
j=1
(Y
(−1)i
2i−3 Y
(−1)i
2i−4 )
j
∣∣∣∣∣∣ .
Proof. The matrices M2k+1 and M
′
2k+1 are computed as in the case (1), that is, we have
M2k+1 =t
− k2−1M
−k2−1
2k+1 + · · ·+ t
k
2+1M
k
2+1
2k+1,
M ′2k+1 =t
− k2+1M ′
− k2+1
2k+1 + · · ·+ t
k
2+1M ′
k
2+1
2k+1.
Similarly, we obtain
N2l+1 =t
− l2N
− l2
2l+1 + · · ·+ t
l
2N
l
2
2l+1,
N ′2l+1 =t
− l2+1N ′
− l2+1
2l+1 + · · ·+ t
l
2+1N ′
l
2+1
2l+1.
Hence, we have∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣ =
∣∣∣∣∣ t
−k2−1M
−k2−1
2k+1 + · · ·+ t
k
2+1M
k
2+1
2k+1 t
− k2+1M ′
− k2+1
2k+1 + · · ·+ t
k
2+1M ′
k
2+1
2k+1
t−
l
2N
− l2
2l+1 + · · ·+ t
l
2N
l
2
2l+1 t
− l2+1N ′
− l2+1
2l+1 + · · ·+ t
l
2+1N ′
l
2+1
2l+1
∣∣∣∣∣
=t−(k+l)
∣∣∣M−k2−12k+1 ∣∣∣ ∣∣∣N ′− l2+12l+1 ∣∣∣+ · · ·+ tk+l+4 ∣∣∣M k2+12k+1∣∣∣ ∣∣∣N ′ l2+12l+1∣∣∣ .
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Then, since we have
Mmax2k+1 :=M
k
2+1
2k+1
=(−1)
k
2 +1
|mkmk−1 · · ·m1|
mkmk−1 · · ·m1
X2k−1{∑
j
(X2k−3X2k−4)
jX−12k−4
∑
j
(X−12k−5X
−1
2k−6)
j
}
· · ·
{∑
j
(X1X0)
jX−10
∑
j
(X−1−1X
−1
−2 )
j
}
X−1−1M
max
−1 ,
Mmin2k+1 :=M
−k2−1
2k+1
=(−1)
k
2 +1
|mkmk−1 · · ·m1|
mkmk−1 · · ·m1
∑
j
(X2k−3X2k−4)
j
{∑
j
(X−12k−5X
−1
2k−6)
jX2k−6
∑
j
(X2k−7X2k−8)
j
}
· · ·
{∑
j
(X−13 X
−1
2 )
jX2
∑
j
(X1X0)
jX−10
}
∑
j
(X−1−1X
−1
−2 )
jX−2M
min
−1 ,
where
Mmax−1 =
{
|m0|
m0
X−1
∑
j(X−3X−4)
jX−1−1A
−1 if β1 > 0,
− |m0|m0 X−1
∑
j(X−3X−4)
jX−1−1A
−1CA−1 if β1 < 0,
Mmin−1 =
{
|m0|
m0
∑
j(X−3X−4)
jC−1 if β1 > 0,
− |m0|m0
∑
j(X−3X−4)
jA−1 if β1 < 0,
we get
|Mmax2k+1| = |M
min
2k+1| =
k∏
i=0
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣ .
Similarly, since we have
N ′
max
2l+1 :=N
′
l
2+1
2l+1
=(−1)
l
2
|nlnl−1 · · ·n1|
nlnl−1 · · ·n1
Y2l−1{∑
j
(Y2l−3Y2l−4)
jY −12l−4
∑
j
(Y −12l−5Y
−1
2l−6)
j
}
· · ·
{∑
j
(Y1Y0)
jY −10
∑
j
(Y −1−1 Y
−1
−2 )
j
}
,
N ′
min
2l+1 :=N
′−
l
2+1
2l+1
=(−1)
l
2
|nlnl−1 · · ·n1|
nlnl−1 · · ·n1
∑
j
(Y2l−3Y2l−4)
j
{∑
j
(Y −12l−5Y
−1
2l−6)
jY2l−6
∑
j
(Y2l−7Y2l−8)
j
}
· · ·
{∑
j
(Y −13 Y
−1
2 )
jY2
∑
j
(Y1Y0)
jY −10
}
∑
j
(Y −1−1 Y
−1
−2 )
j ,
we obtain
|N
′max
2l+1 | = |N
′min
2l+1 | =
l∏
i=1
∣∣∣∣∣∣
|ni|∑
j=1
(Y
(−1)i
2i−3 Y
(−1)i
2i−4 )
j
∣∣∣∣∣∣ .

Lemma 12. If m0 = 0, then
∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣ is given by
t−(k+l)+2
∣∣∣∣Mmin2k+1 M
′ min
2k+1
Nmin2l+1 N
′min
2l+1
∣∣∣∣+ · · ·+ tk+l+2
∣∣∣∣Mmax2k+1 M
′ max
2k+1
Nmax2l+1 N
′ max
2l+1
∣∣∣∣
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where
∣∣∣∣Mmax2k+1 M
′max
2k+1
Nmax2l+1 N
′max
2l+1
∣∣∣∣ and
∣∣∣∣Mmin2k+1 M
′ min
2k+1
Nmin2l+1 N
′min
2l+1
∣∣∣∣ are given by
k∏
i=2
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣
l∏
i=2
∣∣∣∣∣∣
|ni|∑
j=1
(Y
(−1)i
2i−3 Y
(−1)i
2i−4 )
j
∣∣∣∣∣∣λ,
and
λ =


∣∣∣∣ |m1|m1
(∑
j(BA)
j
)
+ |n1|n1 A
−1C
(∑
j(BC)
j
)
+ |m1n1|m1n1
(∑
j(BA)
j
)(∑
j(BC)
j
)
BC
∣∣∣∣ if β1 > 0,∣∣∣∣ |m1|m1
(∑
j(BA)
j
)
+ |n1|n1 AC
−1
(∑
j(BC)
j
)
− |m1n1|m1n1
(∑
j(BA)
j
)(∑
j(BC)
j
)∣∣∣∣ if β1 < 0.
Proof. If m0 = 0, since we have
x−1 = x−3,
x0 = x−4,
then we get
R−1 = O, R
′
−1 = −E, R0 = −E, R
′
0 = O.
Hence, we can compute as in the case of m0 6= 0 and obtain
M2k+1 =t
− k2M
−k2
2k+1 + · · ·+ t
k
2M
k
2
2k+1,
M ′2k+1 =t
− k2+1M ′
− k2+1
2k+1 + · · ·+ t
k
2+1M ′
k
2+1
2k+1.
Then, since N2l+1 and N
′
2l+1 are same as in the case of m0 6= 0, we have∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣ =
∣∣∣∣∣ t
− k2M
− k2
2k+1 + · · ·+ t
k
2M
k
2
2k+1 t
− k2+1M ′
− k2+1
2k+1 + · · ·+ t
k
2+1M ′
k
2 +1
2k+1
t−
l
2N
− l2
2l+1 + · · ·+ t
l
2N
l
2
2l+1 t
− l2+1N ′
− l2+1
2l+1 + · · ·+ t
l
2+1N ′
l
2+1
2l+1
∣∣∣∣∣
=t−(k+l)+2
∣∣∣∣∣ M
− k2
2k+1 M
′−
k
2+1
2k+1
N
− l2
2l+1 N
′−
l
2+1
2l+1
∣∣∣∣∣+ · · ·+ tk+l+2
∣∣∣∣∣ M
k
2
2k+1 M
′
k
2+1
2k+1
N
l
2
2l+1 N
′
l
2+1
2l+1
∣∣∣∣∣ .
If we put
M =(−1)
k
2
|mkmk−1 · · ·m2|
mkmk−1 · · ·m2
X2k−1{∑
j
(X2k−3X2k−4)
jX−12k−4
∑
j
(X−12k−5X
−1
2k−6)
j
}
· · ·
{∑
j
(X5X4)
jX−14
∑
j
(X−13 X
−1
2 )
j
}∑
j
(X1X0)
jX−10 ,
N =(−1)
l
2
|nlnl−1 · · ·n2|
nlnl−1 · · ·n2
Y2l−1{∑
j
(Y2l−3Y2l−4)
jY −12l−4
∑
j
(Y −12l−5Y
−1
2l−6)
j
}
· · ·
{∑
j
(Y5Y4)
jY −14
∑
j
(Y −13 Y
−1
2 )
j
}∑
j
(Y1Y0)
jY −10 ,
then we have∣∣∣∣∣ M
k
2
2k+1 M
′
k
2+1
2k+1
N
l
2
2l+1 N
′
l
2+1
2l+1
∣∣∣∣∣ =
∣∣∣∣∣ −M(M
−1
0 −X
−1
1 R
0
1)
|m1|
m1
M
∑
j(X
−1
−1X
−1
−2 )
j
NS−10
|n1|
n1
N
∑
j(Y
−1
−1 Y
−1
−2 )
j
∣∣∣∣∣
=
∣∣∣∣ M OO N
∣∣∣∣
∣∣∣∣∣ −(M
−1
0 −X
−1
1 R
0
1)
|m1|
m1
∑
j(X
−1
−1X
−1
−2 )
j
S−10
|n1|
n1
∑
j(Y
−1
−1 Y
−1
−2 )
j
∣∣∣∣∣
=|M ||N |
∣∣∣∣∣ −(M
−1
0 −X
−1
1 R
0
1)
|m1|
m1
∑
j(X
−1
−1X
−1
−2 )
j
S−10
|n1|
n1
∑
j(Y
−1
−1 Y
−1
−2 )
j
∣∣∣∣∣ .
Since we have
−(M−10 −X
−1
1 R
0
1) =
{{
(X−1−1X
−1
−2 )
m1+1 + |m1|m1
∑
j(X
−1
−1X
−1
−2 )
j
}
X−2 if β1 > 0,{
−A−1C + |m1|m1
∑
j(X
−1
−1X
−1
−2 )
j
}
X−1−1 if β1 < 0,
S−10 =
{
C−1 if β1 > 0,
A−1 if β1 < 0,
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we obtain∣∣∣∣∣ −(M
−1
0 −X
−1
1 R
0
1)
|m1|
m1
∑
j(X
−1
−1X
−1
−2 )
j
S−10
|n1|
n1
∑
j(Y
−1
−1 Y
−1
−2 )
j
∣∣∣∣∣
=


∣∣∣∣ |m1|m1
(∑
j(BA)
j
)
+ |n1|n1 A
−1C
(∑
j(BC)
j
)
+ |m1n1|m1n1
(∑
j(BA)
j
)(∑
j(BC)
j
)
BC
∣∣∣∣ if β1 > 0,∣∣∣∣ |m1|m1
(∑
j(BA)
j
)
+ |n1|n1 AC
−1
(∑
j(BC)
j
)
− |m1n1|m1n1
(∑
j(BA)
j
)(∑
j(BC)
j
)∣∣∣∣ if β1 < 0.
We also have
|M ||N | =
k∏
i=2
∣∣∣∣∣∣
|mi|∑
j=1
(X
(−1)i
2i−3 X
(−1)i
2i−4 )
j
∣∣∣∣∣∣
l∏
i=2
∣∣∣∣∣∣
|ni|∑
j=1
(Y
(−1)i
2i−3 Y
(−1)i
2i−4 )
j
∣∣∣∣∣∣ .
Hence we obtain the formula of the statement. Similarly, we can compute
∣∣∣∣Mmin2k+1 M
′min
2k+1
Nmin2l+1 N
′min
2l+1
∣∣∣∣ . 
Then, we have
∆K,ρ(t) =
∣∣∣∣ M2k+1 M ′2k+1N2l+1 N ′2l+1
∣∣∣∣
t2 − trρ(c)t+ 1
.
=
{
κ0t
0 + · · ·+ κ0t
2(k+l+1) if m0 6= 0,
λ0t
0 + · · ·+ λ0t
2(k+l)−2 if m0 = 0.
This completes the proof of Theorem 9.
3.3. Examples.
Remark 13. If we denote the Alexander polynomial of K by ∆K(t), then we have
∆K(t) =
{
κ0t
0 + · · ·+ κ0t
k+l+2 if m0 6= 0,
λ0t
0 + · · ·+ λ0t
k+l if m0 = 0,
where
κ0 = |mk · · ·m0||nl · · ·n1|,
λ0 =
{
|mk · · ·m2||nl · · ·n2||m1 + n1 +m1n1| if β1 > 0,
|mk · · ·m2||nl · · ·n2||m1 + n1 −m1n1| if β1 < 0.
Then by [HM], it is known that the genus of K is given by
2g(K) =
{
k + l + 2 if m0 6= 0,
k + l if m0 = 0.
It is known that
deg(∆K(t)) ≤ 2g(K),
deg(∆K,ρ(t)) ≤ 4g(K)− 2,
for any knot K. Furthermore, if K is fibered, then
deg(∆K(t)) = 2g(K),
deg(∆K,ρ(t)) = 4g(K)− 2,
and both ∆K(t) and ∆K,ρ(t) are monic.
In the following examples, we assume that β1 > 0, m0 = 0 and
|m2| = · · · = |mk| = |n2| = · · · = |nl| = 1.
Then their leading coefficients of their Alexander polynomials are
λ0 = |m1 + n1 +m1n1|
Example 14. If (m1, n1) = (−2,−2), then deg(∆K(t)) is less than 2g(K). On the other hand, the
leading coefficient of ∆K,ρ(t) is
λ0 = |(BA)
−1(BC)−1 − E| = 2− trBABC.
Thus, if there exists a representation ρ which gives trBABC 6= 2, then
deg(∆K,ρ(t)) = 4g(K)− 2.
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Example 15. If (m1, n1) = (−2,−3), then ∆K(t) is monic but K is not fibered (see [HM]). On the
other hand, the leading coefficient of ∆K,ρ(t) is
λ0 = |(BA)
−1(BC)−1 − E| = 1− tr(BABC − E)(BC + E).
Thus, if there exists a representation ρ which gives tr(BABC −E)(BC + E) 6= 0, then ∆K,ρ(t) can’t be
monic.
4. The case of (3)
In this section, we give the presentation of knot groups of knots which satisfiy the condition (3) by
using links whose surgery along the trivial component gives these knots. With the presentation, we
compute their twisted Alexander polynomials associated to their SL2(C)-representations.
In this case, we consider knots Kn =M(0; (3n+ 2,−2n− 1), (3, 1), (3, 1)) depicted in Figure 7.
Figure 7. The knot Kn
For simplicity, we put
X = ρ(x), Z = ρ(z), W =
{
ρ(x−1[x, z][x−1, z−1]x) n is even,
ρ([z, x−1][z−1, x]) n is odd.
If n is even, we set
A =
{
E n > 0,
−W
n
2 n < 0,
and if n is odd, we set
A =
{
E n > −1,
−W
n+1
2 n < −1,
where E denotes the identity matrix.
Theorem 16. The twisted Alexander polynomial of Kn =M(0; (3n+2,−2n−1), (3, 1), (3, 1)) associated
to their non-abelian representation ρ : G(Kn)→ SL2(C) is given by
∆Kn,ρ(t) =
{
κ0t
0 + · · ·+ κ7t
7 + · · ·+ κ0t
14 n is even,
λ0t
0 + · · ·+ λ3t
3 + · · ·+ λ0t
6 n is odd,
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where κi, λj ∈ C are given by the following:
κ0 =
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣, κ1 = −
|n2 |∑
i=1
trAW iX−1[Z−1, X−1]−
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣trX, κ2 = 1 +
|n2 |∑
i=1
trAW i −
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣,
κ3 =
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣{trXZ + trWXZXZ−1W−n2 ZXZ−1W n2 },
κ4 =−
|n2 |∑
i=1
{
trXZtrAW i−1ZX−1Z−1 + trAW iXZXZ−1
}
−
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣{trZ + 2trX2Z + trXZXZ−1},
κ5 =trXZ +
|n2 |∑
i=1
{
trXZtrAW i − trXtrAW i−
n
2 X−1Z−1X−1 + 2trAW i+1X−1Z−1X−1W−
n
2 ZXZ−1
}
+
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣{trXZ + trW 2X−1Z−1X−1W−n2 ZXZ−1W n2 },
κ6 =trW
n
2 XZX +
|n2 |∑
i=1
{
trAW i−
n
2 (X−1Z−1)2 − trAW i(X−1Z−1)2 + trAW i−
n
2 X−1Z−1X−1
}
+
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣{2 + trXZtrWXZXZ−1W−n2 ZXZ−1W n2 },
κ7 =−
|n2 |∑
i=1
{
trXZ(trAW i−1Z + trAW iXZXZ−1) + trAW i−1ZX2ZX − trAW iX−1Z2
}
−
∣∣∣∣∣
|n2 |∑
i=1
W i
∣∣∣∣∣{trX + trXZ(trX2Z + trXZXZ−1) + trWZ−1W−n2 ZXZ−1W n2 },
and
λ0 =
∣∣∣∣∣
|n+12 |∑
i=1
W i
∣∣∣∣∣,
λ1 =
|n+12 |∑
i=1
trAW i−1ZX−1Z−1 +
∣∣∣∣∣
|n+12 |∑
i=1
W i
∣∣∣∣∣
{
trXZ−1 − trX + trWX2Z−1W
n+1
2 ZXZ−1W−
n+1
2
}
,
λ2 =1 +
|n+12 |∑
i=1
{
trAW iX2Z−1 − trAW i−1 + trAW i−1ZX−2
}
+
∣∣∣∣∣
|n+12 |∑
i=1
W i
∣∣∣∣∣{3− trXtrWX2Z−1W n+12 ZXZ−1W−n+12
+ trXZ−1(trWX2Z−1W
n+1
2 ZXZ−1W−
n+1
2 − trX)
}
,
λ3 =trXZ
−1 − trX
+
|n+12 |∑
i=1
{
trAW i−1(ZXZ−1)−1W (XZX−1)−1 − trAW i−
n+1
2 (XZX−1)W
n+1
2 −1(ZXZ−1)−1
− trAW i(XZX−1)−1(ZXZ−1) + trAW i−
n+1
2 (XZX−1)−1W
n+1
2 (ZXZ−1)
+ (trXZ−1 − trX)trAW iX2Z−1
}
+
∣∣∣∣∣
|n+12 |∑
i=1
W i
∣∣∣∣∣
{
2(trXZ−1 − trX + trWX2Z−1W
n+1
2 ZXZ−1W−
n+1
2 )
− trXZ−1trXtrWX2Z−1W
n+1
2 ZXZ−1W−
n+1
2
}
.
4.1. The case when n is even. In this case, knots Kn are obtained by −
1
n/2 -surgery along the trivial
component of the link Le depicted in Figure 8.
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Figure 8. The link Le
Then, we obtain 9 relations of the link Le:
u1u6u
−1
2 u
−1
6 = 1 ⇔ u2 = u
−1
6 u1u6(1)
u3u
−1
5 u
−1
2 u5 = 1(2)
u3u1u6u
−1
4 u
−1
6 u
−1
1 = 1 ⇔ u1 = (u3u1)u6u
−1
4 u
−1
6(3)
v2u
−1
4 v
−1
2 u5 = 1 ⇔ u4 = v
−1
2 u5v2(4)
v1u
−1
5 v
−1
2 u5 = 1 ⇔ v2 = u5v1u
−1
5(5)
u3u1u6u
−1
1 u
−1
3 u
−1
5 = 1 ⇔ u5 = (u3u1)u6(u3u1)
−1(6)
u6u2u4u
−1
7 u
−1
4 u
−1
2 = 1 ⇔ u7 = (u2u4)
−1u6u2u4(7)
v1u
−1
7 v
−1
2 u7 = 1(8)
v1u1v
−1
1 u
−1
7 = 1(9)
From the relations (1), (3), (4), (5), (6) and (7), we can write
u1 =(u3u1)u6(u3u1)u6(u3u1)
−1v−11 (u3u1)u
−1
6 (u3u1)
−1v1(u3u1)u
−1
6 (u3u1)
−1u−16 ,
u2 =u
−1
6 (u3u1)u6(u3u1)u6(u3u1)
−1v−11 (u3u1)u
−1
6 (u3u1)
−1v1(u3u1)u
−1
6 (u3u1)
−1,
u3 =(u3u1)u6(u3u1)u6(u3u1)
−1v−11 (u3u1)u6(u3u1)
−1v1(u3u1)u
−1
6 (u3u1)
−1u−16 (u3u1)
−1,
u4 =(u3u1)u6(u3u1)
−1v−11 (u3u1)u6(u3u1)
−1v1(u3u1)u
−1
6 (u3u1)
−1,
u5 =(u3u1)u6(u3u1)
−1,
u7 =u
−1
6 (u3u1)
−1u6(u3u1)u6,
v2 =(u3u1)u6(u3u1)
−1v1(u3u1)u
−1
6 (u3u1)
−1,
with generators u3u1, u6 and v1. Since we can obtain relation (8) from relations (2) and (9), we can give
a presentation pi1(S
3 − Le) by
〈u6, u3u1, v1 | r1, r2〉.
where
r1 =
(
(u3u1)u6
)2
(u3u1)
−1v−11 (u3u1)u6(u3u1)
−1v1(u3u1)
(
(u3u1)u6
)−2
v−11 (u3u1)u6(u3u1)
−1v1(u3u1)
(
(u3u1)u6
)−2
u6(u3u1)u6(u3u1)
−1,
r2 =v1
(
(u3u1)u6
)2
(u3u1)
−1v−11 (u3u1)u
−1
6 (u3u1)
−1v1(u3u1)u
−1
6 (u3u1)
−1u−16 v
−1
1 u
−1
6 (u3u1)
−1u−16 (u3u1)u6.
Since we can get Kn from Le by −1/
n
2 -surgery, we can obtain the presentation of the knot group G(Kn)
by using a presentation of pi1(S
3 − Le), i.e. we have
v1 = (u
−1
5 u7)
n
2
=
{
(u3u1)u
−1
6 (u3u1)
−1u−16 (u3u1)
−1u6(u3u1)u6
}n
2
= u−16
{
[u6, (u3u1)][u
−1
6 , (u3u1)
−1]
}n
2 u6.
Then, we can reduce r1 and get
G(Kn) = 〈x, z | [x
−1, z−1]xyx(zxz−1)y−1 = yzx(zxz−1)y−1(zxz−1)−1〉,
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where x = u6, z = u3u1 and y = x
−1([x, z][x−1, z−1])
n
2 x. By using this presentation, we get
∂r
∂x
= x−1z−1 − x−1 + [x−1, z−1] + [x−1, z−1]xy − yz + [x−1, z−1]xyxz − yzxz + yzx(zxz−1)y−1zx−1
+
{
−1 + [x−1, z−1]x− [x−1, z−1]xyx(zxz−1)y−1 + yzx(zxz−1)y−1
}∂y
∂x
.
We now compute (ρ⊗ a) ◦ φ
(
∂r
∂x
)
. Let ρ be a SL2(C)-representation of G(Kn). Then we put
X = ρ(x), Y = ρ(y), Z = ρ(z), W = ρ(x−1[x, z][x−1, z−1]x).
Since α(x) = t, α(z) = t2, we can write
Φ
(
∂y
∂x
)
= AB(t−4X−1Z−1X−1 − t−2X−1Z−1X−1Z + t−1X−1 − tX−1[Z−1, X−1]Z),
where
A =
{
E n < 0
−Y n > 0
, B =
|n/2|∑
i=1
W i.
Proposition 17. We have
Φ
(
∂r
∂x
)
= t−4M + t−3N + t−2O + t−1P + t0Q+ t1R+ t2S + t3T + t4U + t5V,
where
M =ABX−1Z−1X−1,
N =X−1Z−1 + [X−1, Z−1]XABX−1Z−1X−1,
O =ABX−1Z−1X−1Z,
P =−X−1 −ABX−1 − [X−1, Z−1]XABX−1Z−1X−1Z − [X−1, Z−1]XYX(ZXZ−1)Y −1ABX−1Z−1X−1,
Q =[X−1, Z−1] + [X−1, Z−1]XABX−1 + Y ZX(ZXZ−1)Y −1ABX−1Z−1X−1,
R =[X−1, Z−1]XY +ABX−1Z−1X−1ZXZ + [X−1, Z−1]XYX(ZXZ−1)Y −1ABX−1Z−1X−1Z,
S =− Y Z − Y ZX(ZXZ−1)Y −1ABX−1Z−1X−1Z − [X−1, Z−1]XABX−1[Z−1, X−1]Z
− [X−1, Z−1]XYX(ZXZ−1)Y −1ABX−1,
T =Y ZX(ZXZ−1)Y −1ABX−1,
U =[X−1, Z−1]XYXZ + [X−1, Z−1]XYX(ZXZ−1)Y −1ABX−1[Z−1, X−1]Z,
V =− Y ZXZ + Y ZX(ZXZ−1)Y −1ZX−1 − Y ZX(ZXZ−1)Y −1ABX−1Z−1X−1ZXZ.
Then, the following proposition follows from the relation;
|A+B| = |A|+ |B|+ trAB∗,
where A,B ∈M2(C) and B
∗ is the cofactor matrix of B.
Proposition 18.
∣∣∣∣Φ
(
∂r
∂x
)∣∣∣∣ = det(t−4M + t−3N + t−2O + t−1P + t0Q+ t1R + t2S + t3T + t4U + t5V )
=
10∑
i=−8
tiki,
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where
k−8 =|M |,
k−7 =trMN
∗,
k−6 =|N |+ trMO
∗,
k−5 =trMP
∗ + trNO∗,
k−4 =|O|+ trMQ
∗ + trNP ∗,
k−3 =trMR
∗ + trNQ∗ + trOP ∗,
k−2 =|P |+ trMS
∗ + trNR∗ + trOQ∗,
k−1 =trMT
∗ + trNS∗ + trOR∗ + trPQ∗,
k0 =|Q|+ trMU
∗ + trNT ∗ + trOS∗ + trPR∗,
k1 =trMV
∗ + trNU∗ + trOT ∗ + trPS∗ + trQR∗,
k2 =|R|+ trNV
∗ + trOU∗ + trPT ∗ + trQS∗,
k3 =trOV
∗ + trPU∗ + trQT ∗ + trRS∗,
k4 =|S|+ trPV
∗ + trQU∗ + trRT ∗,
k5 =trQV
∗ + trRU∗ + trST ∗,
k6 =|T |+ trRV
∗ + trSU∗,
k7 =trSV
∗ + trTU∗,
k8 =|U |+ trTV
∗,
k9 =trUV
∗,
k10 =|V |.
Since we have
|Φ(z − 1)| =
∣∣t2Z − E∣∣ = t0 − t2trZ + t4,
we obtain
∆Kn,ρ(t) =
∣∣∣∣Φ
(
∂r
∂x
)∣∣∣∣
|Φ(z − 1)|
=
10∑
i=−8
tiki
t0 − t2trZ + t4
∼
6∑
i=0
κi(t
i + t14−i) + κ7t
7,
where
κ0 =k−8 = k10,
κ1 =k−7 = k9,
κ2 =k−6 + trZκ0 = k8 + trZκ0,
κ3 =k−5 + trZκ1 = k7 + trZκ1,
κ4 =k−4 − κ0 + trZκ2 = k6 − κ0 + trZκ2,
κ5 =k−3 − κ1 + trZκ3 = k5 − κ1 + trZκ3,
κ6 =k−2 − κ2 + trZκ4 = k4 − κ2 + trZκ4,
κ7 =k−1 − κ3 + trZκ5 = k3 − κ3 + trZκ5.
This proves the even case of Theorem 16.
4.2. The case when n is odd. In this case, knots Kn are obtained by −
1
(n+1)/2 -surgery along the
trivial component of the link Lo depicted in Figure 9.
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Figure 9. The link Lo
Then, we obtain 10 relations of the link Lo:
u2u6u
−1
1 u
−1
6 = 1 ⇔ u2 = u6u1u
−1
6(10)
u6u2u
−1
5 u
−1
2 = 1 ⇔ u5 = u
−1
2 u6u2(11)
u7u2u
−1
7 u
−1
3 = 1(12)
u3u1u
−1
6 u
−1
4 u6u
−1
1 = 1(13)
v2u4v
−1
1 u
−1
4 = 1 ⇔ u4 = v
−1
2 u4v1(14)
u4v2u
−1
5 v
−1
2 = 1 ⇔ u4 = v2u5v
−1
2(15)
u7u3u1u
−1
6 u
−1
1 u
−1
3 = 1 ⇔ u7 = (u3u1)u6(u3u1)
−1(16)
v1u7v
−1
1 u
−1
8 = 1 ⇔ u8 = v1u7v
−1
1(17)
v2u8v
−1
1 u
−1
8 = 1 ⇔ v2 = u8v1u
−1
8(18)
u5u8u
−1
5 u4u
−1
1 u
−1
4 = 1 ⇔ u1 = (u
−1
5 u4)
−1u8(u
−1
5 u4)(19)
From the relations (10), (11), (14), (15), (16), (17), (18) and (19), we can write
u1 =(u3u1)u6(u3u1)
−1[v1, (u3u1)u6(u3u1)
−1],
u2 =u6(u3u1)u6(u3u1)
−1[v1, (u3u1)u6(u3u1)
−1]u−16 ,
u3 =(u3u1)[(u3u1)u6(u3u1)
−1, v1](u3u1)u
−1
6 (u3u1)
−1,
u4 =v1[(u3u1)u6(u3u1)
−1, v1]u6[(u3u1)u6(u3u1)
−1, v1][(u3u1), u
−1
6 ]u6
[u−16 , (u3u1)][v1, (u3u1)u6(u3u1)
−1]u−16 [v1, (u3u1)u6(u3u1)
−1]v−11 ,
u5 =u6[(u3u1)u6(u3u1)
−1, v1][(u3u1), u
−1
6 ]u6[u
−1
6 , (u3u1)][v1, (u3u1)u6(u3u1)
−1]u−16 ,
u7 =(u3u1)u6(u3u1)
−1,
u8 =v1(u3u1)u6(u3u1)
−1v−11 ,
v2 =v1[(u3u1)u6(u3u1)
−1, v1],
with generators u3u1, u6 and v1. Since we can get relation (13) from relations (12) and (14), we can give
a presentation pi1(S
3 − Lo) by
pi1(S
3 − Lo) = 〈u6, u3u1, v1 | r1, r2〉.
where
r1 =(u3u1)u6(u3u1)
−1u6(u3u1)u6(u3u1)
−1[v1, (u3u1)u6(u3u1)
−1]u−16 [v1, (u3u1)u6(u3u1)
−1](u3u1)
−1,
r2 =v1(u3u1)u6(u3u1)
−1v21(u3u1)u
−1
6 (u3u1)
−1v−11 u6[(u3u1)u6(u3u1)
−1, v1][(u3u1), u
−1
6 ]u6[u
−1
6 , (u3u1)]
[v1, (u3u1)u6(u3u1)
−1]u−16 [v1, (u3u1)u6(u3u1)
−1]v−11 [(u3u1)u6(u3u1)
−1, v1]u6[(u3u1)u6(u3u1)
−1, v1]
[(u3u1), u
−1
6 ]u
−1
6 [u
−1
6 , (u3u1)][v1, (u3u1)u6(u3u1)
−1]u−16 [v1, (u3u1)u6(u3u1)
−1]v−11 .
Since we can get Kn from Lo by 1/
n+1
2 -surgery, we can obtain the presentation of knot group G(Kn)
by using a presentation of pi1(S
3 − Lo), i.e. we have
v1 = (u
−1
8 u4)
n+1
2 =
{
[(u3u1), u
−1
6 ][(u3u1)
−1, u6]
}n+1
2 .
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Then, we can reduce r2 and get
G(Kn) = 〈x, z | xzxz
−1[y, zxz−1] = zx−1[zxz−1, y]x〉,
where x = u6, z = u3u1 and y = {[z, x
−1][z−1, x]}(n+1)/2.
By using this presentation, we get
∂r
∂x
=1 + zx−1 − zx−1[zxz−1, y] + xz − zx−1z + zx−1(zxz−1)yzx−1 + x(zxz−1)yz
− x(zxz−1)y(zxz−1)y−1zx−1 + {zx−1[zxz−1, y] + (x− zx−1)(zxz−1)− x(zxz−1)y(zxz−1)y−1}
∂y
∂x
.
We now compute Φ
(
∂r
∂x
)
. Suppose ρ be a SL2(C) representation of G(Kn). Then we put
X = ρ(x), Y = ρ(y), Z = ρ(z), W = ρ([z, x−1][z−1, x]).
Since α(x) = t, α(z) = t2, we can write Φ
(
∂y
∂x
)
by
AB(t−2XZ−1X−1 + t−1W−1(ZXZ−1)−1 − E − tW−1ZX−1),
where
A =
{
E n > −1
−Y n < −1
, B =
|(n+1)/2|∑
i=1
W i.
Proposition 19. We have
Φ
(
∂r
∂x
)
= t−1P + t0Q+ t1R+ t2S + t3T + t4U,
where
P = (XZX−1)W−1Y (ZXZ−1)−1Y −1AB(XZX−1)−1,
Q = E + (XZX−1)W−1Y (ZXZ−1)−1Y −1ABW−1(ZXZ−1)−1 +X(ZXZ−1)AB(XZX−1)−1
− (XZX−1)W−1AB(XZX−1)−1,
R = ZX−1 − ZX−1[ZXZ−1, Y ]− (XZX−1)W−1Y (ZXZ−1)−1Y −1AB
+X(ZXZ−1)ABW−1(ZXZ−1)−1 − (XZX−1)W−1ABW−1(ZXZ−1)−1
−X(ZXZ−1)Y (ZXZ−1)Y −1AB(XZX−1)−1,
S = − (XZX−1)W−1Y (ZXZ−1)−1Y −1ABW−1ZX−1 −X(ZXZ−1)AB
+ (XZX−1)W−1AB −X(ZXZ−1)Y (ZXZ−1)Y −1ABW−1(ZXZ−1)−1,
T = XZ − ZX−1Z + (XZX−1)W−1Y ZX−1 −X(ZXZ−1)ABW−1ZX−1
+ (XZX−1)W−1ABW−1ZX−1 +X(ZXZ−1)Y (ZXZ−1)Y −1AB,
U = X(ZXZ−1)Y Z −X(ZXZ−1)Y (ZXZ−1)Y −1ZX−1
+X(ZXZ−1)Y (ZXZ−1)Y −1ABW−1ZX−1.
We have
∣∣∣∣Φ
(
∂r
∂x
)∣∣∣∣ = det(t−1P + t0Q+ t1R+ t2S + t3T + t4U) =
8∑
i=−2
tili,
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where
l−2 = |P |,
l−1 = trPQ
∗,
l0 = |Q|+ trPR
∗,
l1 = trPS
∗ + trQR∗,
l2 = |R|+ trPT
∗ + trQS∗,
l3 = trPU
∗ + trQT ∗ + trRS∗,
l4 = |S|+ trQU
∗ + trRT ∗,
l5 = trRU
∗ + trST ∗,
l6 = |T |+ trSU
∗,
l7 = trTU
∗,
l8 = |U |.
Since we have
|Φ(z − 1)| = t0 − t2trZ + t4,
we obtain
∆Kn,ρ(t) =
∣∣∣∣Φ
(
∂r
∂x
)∣∣∣∣
|Φ(z − 1)|
=
8∑
i=−2
tili
t0 − t2trZ + t4
∼
2∑
i=0
λi(t
i + t6−i) + λ3t
3,
where
λ0 = l−2 = l8,
λ1 = l−1 = l7,
λ2 = l0 + trZλ0 = l6 + trZλ0,
λ3 = l1 + trZλ1 = l5 + trZλ1.
Appendix A. Calculations of Ri and R
′
i defined in Section 2
In Section 2, we defined R−1, R0, . . . , R2k and R
′
1, R
′
2, . . . , R
′
2k. In this appendix, we give these calcu-
lation.
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R−1 = Φ
(
∂r−1
∂a
)
=


t−1
m0−1∑
j=0
X−1(AB)
j − t0
(m0−1∑
j=0
(AB)j + (AB)m0
)
if m0 > 0
−t−1
−1∑
j=m0
X−1(AB)
j + t0
( −1∑
j=m0
(AB)j − (AB)m0
)
if m0 < 0
,
R0 = Φ
(
∂r0
∂a
)
=


−t0
m0−1∑
j=0
(AB)j + t1
m0−1∑
j=0
X0(AB)
j if m0 > 0
t0
−1∑
j=m0
(AB)j − t1
−1∑
j=m0
X0(AB)
j if m0 < 0
,
R1 = Φ
(
∂r1
∂a
)
=


t0X1
m1∑
j=1
(X−1−1A)
jA−1 − t1
m1∑
j=1
(X−1−1A)
jA−1 if m1 > 0
−t0X1
0∑
j=m1+1
(X−1−1A)
jA−1 + t1
0∑
j=m1+1
(X−1−1A)
jA−1 if m1 < 0
,
R2 = Φ
(
∂r2
∂a
)
=


−t1
(m1∑
j=1
(X−1−1A)
j − (X−1−1A)
m1
)
A−1 + t2X2
m1∑
j=1
(X−1−1A)
jA−1 if m1 > 0
t1
( 0∑
j=m1+1
(X−1−1A)
j + (X−1−1A)
m1
)
A−1 − t2X2
0∑
j=m1+1
(X−1−1A)
jA−1 if m1 < 0
,
−R′1 = −Φ
(
∂r1
∂x−1
)
=


t0X1
(m1∑
j=1
(X−1−1A)
j + (X−1−1A)
m1+1
)
A−1 − t1
m1∑
j=1
(X−1−1A)
jA−1 if m1 > 0
−t0X1
( 0∑
j=m1+1
(X−1−1A)
j − (X−1−1A)
m1+1
)
A−1 + t1
0∑
j=m1+1
(X−1−1A)
jA−1 if m1 < 0
,
−R′2 = −Φ
(
∂r2
∂x−1
)
=


−t1
m1∑
j=1
(X−1−1A)
jA−1 + t2X2
m1∑
j=1
(X−1−1A)
jA−1 if m1 > 0
t1
0∑
j=m1+1
(X−1−1A)
jA−1 − t2X2
0∑
j=m1+1
(X−1−1A)
jA−1 if m1 < 0
,
and if i is even,
−R2i−1
= Φ
(
∂r2i−1
∂x2i−4
)
=


−t−2X2i−1
mi∑
j=1
(X2i−3X2i−4)
jX−12i−4 + t
−1
mi∑
j=1
(X2i−3X2i−4)
jX−12i−4 if mi > 0
t−2X2i−1
0∑
j=mi+1
(X2i−3X2i−4)
jX−12i−4 − t
−1
0∑
j=mi+1
(X2i−3X2i−4)
jX−12i−4 if mi < 0
,
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−R′2i−1
=Φ
(
∂r2i−1
∂x2i−3
)
=


−t−1X2i−1X
−1
2i−3
mi∑
j=1
(X2i−3X2i−4)
jX−12i−4 + t
0X−12i−3
(mi∑
j=1
(X2i−3X2i−4)
j + (X2i−3X2i−4)
mi+1
)
X−12i−4
if mi > 0
t−1X2i−1X
−1
2i−3
0∑
j=mi+1
(X2i−3X2i−4)
jX−12i−4 − t
0X−12i−3
( 0∑
j=mi+1
(X2i−3X2i−4)
j − (X2i−3X2i−4)
mi+1
)
X−12i−4
if mi < 0
,
−R2i
= Φ
(
∂r2i
∂x2i−4
)
,
=


t−1
mi∑
j=1
(X2i−3X2i−4)
jX−12i−4 − t
0X2i
(mi∑
j=1
(X2i−3X2i−4)
j − (X2i−3X2i−4)
mi
)
X−12i−4 if mi > 0
−t−1
0∑
j=mi+1
(X2i−3X2i−4)
jX−12i−4 + t
0X2i
( 0∑
j=mi+1
(X2i−3X2i−4)
j + (X2i−3X2i−4)
mi
)
X−12i−4 if mi < 0
,
−R′2i
=Φ
(
∂r2i
∂x2i−3
)
=


t0X−12i−3
mi∑
j=1
(X2i−3X2i−4)
jX−12i−4 − t
1X2iX
−1
2i−3
mi∑
j=1
(X2i−3X2i−4)
jX−12i−4 if mi > 0
−t0X−12i−3
0∑
j=mi+1
(X2i−3X2i−4)
jX−12i−4 + t
1X2iX
−1
2i−3
0∑
j=mi+1
(X2i−3X2i−4)
jX−12i−4 if mi < 0
,
for 2 ≤ i ≤ k.
If i is odd,
−R2i−1
= Φ
(
∂r2i−1
∂x2i−4
)
=


t−1X2i−1
mi∑
j=1
(X−12i−3X
−1
2i−4)
j − t0
mi∑
j=1
(X−12i−3X
−1
2i−4)
j if mi > 0
−t−1X2i−1
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j + t0
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j if mi < 0
,
−R′2i−1
=Φ
(
∂r2i−1
∂x2i−3
)
=


t0X2i−1
(mi∑
j=1
(X−12i−3X
−1
2i−4)
j + (X−12i−3X
−1
2i−4)
mi+1
)
X2i−4 − t
1
mi∑
j=1
(X−12i−3X
−1
2i−4)
jX2i−4 if mi > 0
−t0X2i−1
( 0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j − (X−12i−3X
−1
2i−4)
mi+1
)
X2i−4 + t
1
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
jX2i−4 if mi < 0
,
−R2i
= Φ
(
∂r2i
∂x2i−4
)
,
=


−t0
(mi∑
j=1
(X−12i−3X
−1
2i−4)
j − (X−12i−3X
−1
2i−4)
mi
)
+ t1X2i
mi∑
j=1
(X−12i−3X
−1
2i−4)
j if mi > 0
t0
( 0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j + (X−12i−3X
−1
2i−4)
mi
)
− t1X2i
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j if mi < 0
,
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−R′2i
=Φ
(
∂r2i
∂x2i−3
)
=


−t1
mi∑
j=1
(X−12i−3X
−1
2i−4)
jX2i−4 + t
2X2i
mi∑
j=1
(X−12i−3X
−1
2i−4)
jX2i−4 if mi > 0
t1
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
jX2i−4 − t
2X2i
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
jX2i−4 if mi < 0
,
for 3 ≤ i ≤ k.
Appendix B. Calculations of Ri, R
′
i and Si, S
′
i defined in section 3
In Section 3, we defined R−4 which corresponds to first rational tangle β1/α1, R−1, R0, . . . , R2k and
R′−1, R
′
0, . . . , R
′
2k which corresponds to scond rational tangle β2/α2, and S1, S2, . . . , S2l and S
′
1, R
′
2, . . . , S
′
2l
which corresponds to third rational tangle β3/α3. In this appendix, we give these calculation.
R−4 = Φ
(
∂r−4
∂a
)
=
{
t−2X−4C
−1 if β1 = 1
−t−2X−4A
−1 + t−1A−1(E + CA−1) if β1 = −1
and if i is even,
−R2i−1 = Φ
(
∂r2i−1
∂x2i−4
)
=


t1
mi−1∑
j=0
(X2i−3X2i−4)
jX2i−3 − t
2X2i−1
mi−1∑
j=0
(X2i−3X2i−4)
jX2i−3 if mi > 0
−t1
−1∑
j=mi
(X2i−3X2i−4)
jX2i−3 + t
2X2i−1
−1∑
j=mi
(X2i−3X2i−4)
jX2i−3 if mi < 0
,
−R′2i−1 =Φ
(
∂r2i−1
∂x2i−3
)
=


t0
(mi−1∑
j=0
(X2i−3X2i−4)
j + (X2i−3X2i−4)
mi
)
− t1X2i−1
mi−1∑
j=0
(X2i−3X2i−4)
j if mi > 0
−t0
( −1∑
j=mi
(X2i−3X2i−4)
j − (X2i−3X2i−4)
mi
)
+ t1X2i−1
−1∑
j=mi
(X2i−3X2i−4)
j if mi < 0
,
−R2i = Φ
(
∂r2i
∂x2i−4
)
,
=


−t0
(
X2i
mi−1∑
j=0
(X2i−3X2i−4)
jX2i−3 − (X2i−3X2i−4)
mi
)
+ t1
mi−1∑
j=0
(X2i−3X2i−4)
jX2i−3 if mi > 0
t0
(
X2i
−1∑
j=mi
(X2i−3X2i−4)
jX2i−3 + (X2i−3X2i−4)
mi
)
− t1
−1∑
j=mi
(X2i−3X2i−4)
jX2i−3 if mi < 0
,
−R′2i =Φ
(
∂r2i
∂x2i−3
)
=


−t−1X2i
mi−1∑
j=0
(X2i−3X2i−4)
j + t0
mi−1∑
j=0
(X2i−3X2i−4)
j if mi > 0
t−1X2i
−1∑
j=mi
(X2i−3X2i−4)
j − t0
−1∑
j=mi
(X2i−3X2i−4)
j if mi < 0
,
for 0 ≤ i ≤ k.
TWISTED ALEXANDER POLYNOMIALS OF TUNNEL NUMBER ONE MONTESINOS KNOTS 31
If i is odd,
−R2i−1 = Φ
(
∂r2i−1
∂x2i−4
)
=


−t0
mi∑
j=1
(X−12i−3X
−1
2i−4)
j + t1X2i−1
mi∑
j=1
(X−12i−3X
−1
2i−4)
j if mi > 0
t0
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j − t1X2i−1
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j if mi < 0
,
−R′2i−1 =Φ
(
∂r2i−1
∂x2i−3
)
=


−t−1
mi∑
j=1
(X−12i−3X
−1
2i−4)
jX2i−4 + t
0X2i−1
(mi∑
j=1
(X−12i−3X
−1
2i−4)
j + (X−12i−3X
−1
2i−4)
mi+1
)
X2i−4 if mi > 0
t−1
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
jX2i−4 − t
0X2i−1
( 0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j − (X−12i−3X
−1
2i−4)
mi+1
)
X2i−4 if mi < 0
,
−R2i = Φ
(
∂r2i
∂x2i−4
)
,
=


t−1X2i
mi∑
j=1
(X−12i−3X
−1
2i−4)
j − t0
(mi∑
j=1
(X−12i−3X
−1
2i−4)
j − (X−12i−3X
−1
2i−4)
mi
)
if mi > 0
−t−1X2i
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j + t0
( 0∑
j=mi+1
(X−12i−3X
−1
2i−4)
j + (X−12i−3X
−1
2i−4)
mi
)
if mi < 0
,
−R′2i =Φ
(
∂r2i
∂x2i−3
)
=


t−2X2i
mi∑
j=1
(X−12i−3X
−1
2i−4)
jX2i−4 − t
−1
mi∑
j=1
(X−12i−3X
−1
2i−4)
jX2i−4 if mi > 0
−t−2X2i
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
jX2i−4 + t
−1
0∑
j=mi+1
(X−12i−3X
−1
2i−4)
jX2i−4 if mi < 0
,
for 0 ≤ i ≤ k.
If i is even,
−S2i−1 = Φ
(
∂s2i−1
∂y2i−4
)
=


−t1
−1∑
j=−ni
(Y2i−3Y2i−4)
jY2i−3 + t
2Y2i−1
−1∑
j=−ni
(Y2i−3Y2i−4)
jY2i−3 if ni > 0
t1
−ni−1∑
j=0
(Y2i−3Y2i−4)
jY2i−3 − t
2Y2i−1
−ni−1∑
j=0
(Y2i−3Y2i−4)
jY2i−3 if ni < 0
,
−S′2i−1 =Φ
(
∂s2i−1
∂y2i−3
)
=


−t0
( −1∑
j=−ni
(Y2i−3Y2i−4)
j − (Y2i−3Y2i−4)
−ni
)
+ t1Y2i−1
−1∑
j=−ni
(Y2i−3Y2i−4)
j if ni > 0
t0
(−ni−1∑
j=0
(Y2i−3Y2i−4)
j + (Y2i−3Y2i−4)
−ni
)
− t1Y2i−1
−ni−1∑
j=0
(Y2i−3Y2i−4)
j if ni < 0
,
−S2i = Φ
(
∂s2i
∂y2i−4
)
,
=


t0
(
Y2i
−1∑
j=−ni
(Y2i−3Y2i−4)
jY2i−3 − (Y2i−3Y2i−4)
−ni
)
− t1
−1∑
j=−ni
(Y2i−3Y2i−4)
jY2i−3 if ni > 0
−t0
(
Y2i
−ni−1∑
j=0
(Y2i−3Y2i−4)
jY2i−3 − (Y2i−3Y2i−4)
−ni
)
+ t1
−ni−1∑
j=0
(Y2i−3Y2i−4)
jY2i−3 if ni < 0
,
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−S′2i =Φ
(
∂s2i
∂y2i−3
)
=


t−1Y2i
−1∑
j=−ni
(Y2i−3Y2i−4)
j − t0
−1∑
j=−ni
(Y2i−3Y2i−4)
j if ni > 0
−t−1Y2i
−ni−1∑
j=0
(Y2i−3Y2i−4)
j + t0
−ni−1∑
j=0
(Y2i−3Y2i−4)
j if ni < 0
,
for 1 ≤ i ≤ l.
If i is odd,
−S2i−1 = Φ
(
∂s2i−1
∂y2i−4
)
=


t0
0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
j − t1Y2i−1
0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
j if ni > 0
−t0
−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
j + t1Y2i−1
−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
j if ni < 0
,
−S′2i−1 =Φ
(
∂s2i−1
∂y2i−3
)
=


t−1
0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
jY2i−4 − t
0
(
Y2i−1
0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
jY2i−4 − (Y
−1
2i−3Y
−1
2i−4)
−ni
)
if ni > 0
−t−1
−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
jY2i−4 + t
0
(
Y2i−1
−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
jY2i−4 + (Y
−1
2i−3Y
−1
2i−4)
−ni
)
if ni < 0
,
−S2i = Φ
(
∂s2i
∂y2i−4
)
,
=


−t−1Y2i
0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
j + t0
( 0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
j + (Y −12i−3Y
−1
2i−4)
−ni
)
if ni > 0
t−1Y2i
−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
j − t0
(−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
j − (Y −12i−3Y
−1
2i−4)
−ni
)
if ni < 0
,
−S′2i =Φ
(
∂s2i
∂y2i−3
)
=


−t−2Y2i
0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
jY2i−4 + t
−1
0∑
j=−ni+1
(Y −12i−3Y
−1
2i−4)
jY2i−4 if ni > 0
t−2Y2i
−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
jY2i−4 − t
−1
−ni∑
j=1
(Y −12i−3Y
−1
2i−4)
jY2i−4 if ni < 0
,
for 1 ≤ i ≤ l.
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